A new nonlinear guidance logic, that has demonstrated superior performance in guiding unmanned air vehicles (UAVs) on curved trajectories, is presented. The logic approximates a proportional-derivative controller when following a straight line path, but the logic also contains an element of anticipatory control enabling tight tracking when following curved paths. The method uses inertial speed in the computation of commanded lateral acceleration and adds adaptive capability to the change of vehicle speed due to external disturbances, such as wind. Flight tests using two small UAVs showed that each aircraft was controlled to within 1.6 meters RMS when following circular paths. The logic was ultimately used for air rendezvous of the two aircraft, bringing them in close proximity to within 12 meters of separation, with 1.4 meters RMS relative position errors. 
Nomenclature

V
Vehicle velocity L 1 A line defined from vehicle position to a reference point on a desired trajectory η Angle created from V to the line L 1 (clockwise direction is positive) a s cmd Acceleration command sideways i.e. perpendicular to vehicle velocity direction d
Cross-track error R Radius of circle or circular segment L Lyapunov function
I. Introduction
Two approaches can be considered for the problem of trajectory tracking. One method separates the vehicle guidance and control problems into an outer guidance loop and an inner control loop. The inner loop controls the vehicle to follow acceleration commands which are generated by the outer loop. Simple strategies, based on geometric and kinematic properties, are typically used in the outer guidance loop. The alternative method uses an integrated approach wherein the inner and outer loops are designed simultaneously. In this case, a number of modern control design techniques can be applied, such as receding horizon [1] , differential flatness [2, 3] and neural network based adaptive controls [4] .
In most actual flight applications the separate inner and outer loop approach is more commonly taken because it is usually simpler and well-established design methods are available for inner loop vehicle control. Linear controllers are commonly used for the outer loop guidance of an aircraft. Typically, proportional and derivative (PD) controllers are used on the cross-track error, which is the lateral deviation from a desired flight path. If the desired trajectory path is similar to a straight line, then this simple strategy will provide reasonably good outer loop performance. However, when tasks require tight tracking of complex curved paths, linear feedback on the cross-track error may not provide satisfactory performance. The guidance logic presented in this paper contains an anticipatory control element which overcomes the inherent limitation of feedback control in following curved paths.
There are several terminal phase guidance laws for short-range tactical missiles that can be used to do trajectory following by using an imaginary point moving along the desired flight path as a pseudo target. Of these, proportional navigation generally provides the best performance, with less control effort, in constantvelocity intercepts, and it is widely accepted as the preferred method of guidance [5] [6] [7] . The trajectory following guidance logic presented in this paper was motivated by this proportional navigation method. An important element in the proportional navigation is the use of the change in the line-of-sight between a missile and a target. A similar feature is also found in the trajectory following guidance logic between a vehicle and a pseudo target on a desired path.An important difference between the two methods is that, unlike the proportional navigation, the speed of the pseudo target is not taken into account in the trajectory tracking guidance logic. A detailed discussion on the relationship of the trajectory following guidance logic to proportional navigation is provided in Section II-B.
Section II introduces the guidance logic and describes related properties. While the guidance logic developed here is simple and easy to apply, it is shown to have a number of benefits over linear approaches for curved paths. First, it contains proportional and derivative controls on cross-track error. Second, it has an element of anticipation for the upcoming local desired flight path. This property enables tight tracking on curved flight trajectories. Third, it uses instantaneous vehicle speed in the algorithm. This kinematic factor adds an adaptive feature with respect to changes in vehicle inertial speed caused by external disturbances such as wind.
The algorithm is easily implemented, and flight test results showing excellent tracking performance are given in Section III. The proposed guidance logic was implemented in two unmanned air vehicles (UAVs) in the Parent Child Unmanned Air Vehicle (PCUAV) Project [8, 9] at MIT, under the sponsorship of Draper Laboratory.
II. The New Guidance Logic
The guidance logic presented in this paper selects a reference point on the desired trajectory, and generates a lateral acceleration command using the reference point.
Selection of Reference Point -The reference point is on the desired path at a distance (L 1 ) forward of the vehicle, as shown in Figure 1 .
Lateral Acceleration Command -The lateral acceleration command is determined by Step by Step (∆t=1, V =10, and L 1 =40 are used in the simulation)
1. The direction of the acceleration depends on the sign of the angle between the L 1 line segment and the vehicle velocity vector. For example, if the selected reference point is to the right of the vehicle velocity vector, then the vehicle will be commanded to accelerate to the right, which is the case in Figure 1 . In other words, the vehicle will tend to align its velocity direction with the direction of the L 1 line segment.
2. At each point in time a circular path can be defined by the position of the reference point, the vehicle position, and tangential to the vehicle velocity vector; as indicated by the dotted line in Figure 1 . The acceleration command generated by Eq. (1) is equal to the centripetal acceleration required to follow this instantaneous circular segment. This is readily shown by noting that
Hence the guidance logic will produce a lateral acceleration that is appropriate to follow a circle of any radius R.
A. Characteristics of the Guidance Logic
This section describes a discrete time simulation that was performed to gain further insights about the performance of the nonlinear guidance law. First, consider Figure 2 showing the evolution of the guidance logic in one small time step increment. In this diagram, the reference point is to the right of the direction of the vehicle velocity. Therefore, at the next time step the velocity direction rotates clockwise due to the acceleration command. With this one time step increment in mind, Figure 3 shows the trajectory of the vehicle over several time steps, where the vehicle initially starts from a location far away from the desired path, and eventually converges to the desired path. Given a certain length L 1 as shown in Figure 3 , it can be inferred that
• The direction of L 1 makes a large angle with the desired path, when the vehicle is far away from the desired path.
• The direction of L 1 makes a small angle with the desired path, when the vehicle is close to the desired path.
Therefore, if the vehicle is far away from the desired path, then the guidance logic tends to rotate the vehicle so that its velocity direction approaches the desired path at a large angle. On the other hand, if the vehicle is close to the desired path, then the guidance logic rotates the vehicle so its velocity direction approaches the desired path at a small angle.
B. Relation to Proportional Navigation Guidance Laws
Consider the reference point as a target and the aircraft as a missile. Then, an interesting similarity is found in relation to proportional navigation missile guidance. The formula in Eq. (1) for the lateral acceleration command in the trajectory following guidance logic can be shown to be equivalent to the formula
for the acceleration command perpendicular to the line-of-sight in the proportional navigation with a navigation constant of N =2, under the assumption that the reference point is stationary in the computation of the line-of-sight rate and the closing velocity. This equivalence can be shown using Using the acceleration command formula
where, assuming that the target point is stationary, the first bracket is the closing velocity (the relative velocity component in the direction of the LOS) and the second bracket is the LOS rate. Therefore, it can be shown that
which is the form of the proportional navigation formula with the navigation constant equal to 2. However, the guidance logic (selection of reference point + acceleration command) cannot be explained only by the proportional navigation because the reference point is actually moving, and the closing speed between the reference point and the vehicle is always zero (with L 1 fixed).
C. Linear Analysis
In this section, linear analyses are performed for the following three cases:
• Case 1: following a straight line
• Case 2: following a non-straight line which is a perturbation from a straight line
• Case 3: following a circular path and significant features are pointed out. An important design choice in the guidance logic is the distance L 1 between the vehicle and the reference point. This value can be chosen with the help of a linear system analysis. Figure 5 defines the notation used in the linearization. L 1 is the distance from the vehicle to the reference point, d is the cross-track error, and V is a vehicle nominal speed. Assuming η is small in magnitude Combining the above with the guidance formula leads to
Case 1: Following a Straight-line and Selection of L 1
Hence, linearization of the nonlinear guidance logic yields a PD (proportional and derivative) controller for the cross-track error. Also, the ratio of the vehicle speed V and the separation distance L 1 is an important factor in determining the gains of the proportional and derivative controllers. For instance, a small value for L 1 would lead to a high control gain and the ratio L 1 /V determines the time constant of the PD controller. The separation distance can be chosen by performing a stability analysis with the linear plant model and the derived linear controller. The plant model should include the vehicle dynamics with inner-loop bank angle controller (if bank angle is used to generate lateral acceleration for aircraft) and any sensor dynamics in the associated loop transmission function.
Furthermore, assuming no inner-loop dynamics and a small angle assumption on η 2 , then a s cmd ≈ −d and Eq. (3) is equal tod
Eq. (4) indicates that an approximate linear model, for the case of following a straight line, is a simple second order system that always has a damping ratio of 0.707 and its natural frequency is determined by the ratio of the vehicle speed and the length for the reference point selection.
Case 2: Following a Perturbed Non-Straight Line
The tracking capability on a curved path is demonstrated in this section by performing a linear analysis for a case with non-straight desired trajectory as shown in Figure 6 . In this case the desired path is a perturbed Then, since
Taking the Laplace transforms of each term of Eq. (5) yields
Eq. (6) 
where A is a small path amplitude, L p is a length-scale of the sinusoid, and x is distance along the path. 
Therefore, Eq. (6) can be written as
Bode diagrams for this system, as a function of L 1 /L p , are shown in Figure 7 . The plot clearly shows the improvement in phase response near the system bandwidth (when L 1 /L p ≈ 1/4.4 = 0.23) that results from the anticipation (e τ s ). Furthermore, if L p is the wavelength of the highest frequency content in the desired path, then L 1 must be chosen to be less than about L p /4.4 if the vehicle is to accurately follow the desired path. Figure 8 shows a diagram for a case of following a circular desired path. In this analysis η 1 and η 2 are assumed to be small, but η 3 is not necessarily small.
Case 3: Following a Circular Path
It should be noticed that the angle η 3 is associated with the local circular segment as shown in the diagram. The current position of the vehicle is specified by r = R + d and θ. ψ indicates the velocity direction. η 2 is an angle that is created by the difference between the velocity direction and the current tangent line to the circular desired path. The relation among the three angles is
Also, due to assumptions in Eq. (9) and using a similar relation in Eq. (2) sin
We further define
Using the small angle assumption for η 2 the rate of change in position error is expressed aṡ
Also, using the relations in Eq. (10) and Eq. (13) the lateral acceleration is expressed as
With the small angle assumptions on η 1 and η 2 Vθ ≈ V 2 R which is centripetal acceleration to follow the circle with radius R at speed V . Then Using small angle assumptions for η 1 and η 2 ,
With 
Finally, substituting the relations in Eq. (14) and Eq. (16) to Eq. (1) yields
Therefore d → 0 as t → ∞.
D. Comparison of the New Guidance Logic with the Traditional Linear Method
In the previous section, it was shown that the nonlinear guidance logic approximates a linear PD controller, on cross-track error, in following a straight line. This section will compare, by simulations, the performance of the nonlinear guidance logic and the associated linear controller, for various cases of trajectories and wind conditions. In the simulation analysis presented below, 25 m/s of nominal vehicle speed and the separation distance(L 1 ) of 150 m were used for the associated linear controller given by Eq. (3). 
Comparison 1 -Straight Trajectory Following
First, the two methods were applied for tracking a straight line. Figure 9 shows the simulation setup with an initial cross-track error of 10 meters and the associated results using the two methods. The simulation results indicate that the performances of the two methods are roughly the same in following a straight trajectory.
Comparison 2 -Curved Trajectory Following
Next, the two methods were applied to tracking a curved line. Figure 10 shows the simulation setup, the desired curved flight trajectory, and the associated simulation results. The aircraft is initially at level flight heading due north. The trajectory plot (a) in Figure 10 is the case where the linear controller was used. The PD controller resulted in a steady state error of about 40 meters. The steady state error can be explained by noting that the system is type 2. There are two pure integrators in the associated loop transmission with a plant model and the PD controller. The two integrators are from the kinematics of the plant model -from acceleration input to position output. The steady state error occurs because the position reference command for cross-track is imposed in a parabolic fashion, when the desired path is a circle.
In order to eliminate the steady state error, an integrator was added. The simulation result using the PID controller is now plotted on the same graph as a solid line. As can be seen the steady state error is removed by adding the integration controller. However, the error during the initial transition still remains.
On the other hand, the nonlinear guidance logic worked very well in following the curved path as indicated in Figure 10 (b) . Deviation from the curved path was no more than 5 meters during the initial transient.
Comparison 3 -Curved Trajectory Following with Wind
Additional simulations were executed with similar conditions and with a five meter per second steady wind. The direction of the wind was from west to east. The vehicle initial condition and the wind condition are shown in Figure 11 . The performance of the linear controllers (PD and PID) are shown in the trajectory plot (a) in Figure 11 .
For the PD controller, the cross-track error varied in a range between 30 m and 60 m, after the initial transition period. For the PID controller, the cross-track error varied in the range between -20 m and +20 m after the initial transition period. A more careful look reveals that the vehicle flies outside the circular path when it is in the downwind region, and inside the circular path in the upwind region. The reason for this performance can be explained by noting that when the vehicle is in the downwind region, it moves faster with respect to an inertial frame. Under this condition, the vehicle must generate a larger acceleration command (or a larger bank angle command) if it is to follow the desired circular path. The linear feedback controller with fixed gain has an inherent limitation and cannot immediately remove the error, which is the result of inertial speed changes due to the wind. On the other hand, the nonlinear guidance logic method worked very well in following the curved path, in the presence of wind, as shown in Figure 11 (b) with errors less than 7 meters after the initial transient has decayed. The reason for the better performance in this case can be understood by the formula in Eq. (1)
where the vehicle ground speed (as a surrogate for inertial velocity) is used for V at each instant in generating the acceleration command. In other words, the nonlinear guidance logic takes into account the inertial velocity changes due to the wind effect, and adapts to the situation accordingly.
III. Flight Test
The guidance algorithm was implemented and tested with the two UAVs constructed in the Parent Child Unmanned Air Vehicle (PCUAV) project at MIT. In creating the required lateral acceleration, bank angle control was used in the inner loop. The associated outer-loop control bandwidth was limited by the innerloop bank control bandwidth (2∼3 rad/s) and a GPS time delay of 0.4 seconds. Thus, with the nominal flight velocity of about 25 m/s, the choice of L 1 =150 m results in the associated crossover frequency at 0.4 rad/s. Figure 12 (a) shows the Mini Child vehicle. The vehicle has a wing span of 2.54 meters and its total weight, including onboard avionics, is 9.1 kilograms. Figure 12 (b) shows the Outboard Horizontal Stabilizer (OHS) configuration of the Parent vehicle. Aerodynamic and the associated stability features of this platform are found in Ref. [10, 11] . The vehicle has a wing span of 4.5 meters and its total weight is 20 kilograms. Figure 13 shows the flight data for the Mini vehicle using the guidance logic for path following in the lateral direction. The plot shows the 2-dimensional trajectory of the Mini vehicle (solid line) with a commanded desired trajectory (dotted line). The small numbers along the trajectory are the flight times recorded in the onboard avionics. This plot indicates that the vehicle follows the commanded trajectory quite well. When the Mini vehicle flies along the circle the lateral displacement between the vehicle and the desired path remained within ±2 meters for the 75% of its flight time and within ±3 meters for 96% of the flight time.
A similar flight test was performed for the OHS Parent. . Figure 16 shows a photo taken from the ground during the formation flight period. During formation flight the separation distance command was reduced gradually by a ground station command from an initial command of 30 meters, in steps, down to 12 meters. The first graph in Figure 17 shows the relative distance seconds the separation distance command was slowly reduced, and the Mini vehicle followed its command within an error of ±2 meters, for the 86% of this period.
The bottom graph in Figure 17 shows the altitude difference between the two vehicles during the formation flight. The command for the altitude difference was set to be 2 meters in this test, with Mini vehicle higher than OHS Parent. The altitude difference remained within ±2 meters for 84% of the time. For longitudinal control, linear quadratic regulators were used for both vehicles [12] .
IV. Conclusions
This paper discussed a new guidance logic for trajectory following and reported flight test results using this logic to control two UAVs. Using simulations, it was shown that with the new method a vehicle will follow a desired trajectory better than with the traditional linear technique. The reasons for the better performance can be explained as 1. The angle η used in the guidance logic serves three purposes. First, it provides a heading correction.
Second, for small deviations from the desired trajectory it provides PD control on cross track error. And third, it provides an anticipatory acceleration command to exactly follow a circular reference trajectory.
2. The guidance logic uses the instantaneous vehicle inertial speed in the computation of the acceleration command. This kinematic factor adds an adaptive capability with respect to changes in vehicle inertial speed, due to external disturbances, such as wind. For the unique existence of the reference point we assume
is a Lyapunov function. Since, from Figure 18 ,
then Eq. (18) becomes 
